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Abstract: Extremal black holes in general dimensions are well known to contain
an AdS2 factor in their near-horizon geometries. If the extremal limit is taken in
conjunction with a specific vanishing horizon limit, the so-called Extremal Vanishing
Horizon (EVH) limit, the AdS2 factor lifts to a locally AdS3 factor with a pinching
angular direction. In this paper, we study the EVH limit of asymptotically AdS black
holes which preserve some supersymmetry. The primary example we consider is the
1/16th BPS asymptotically AdS5 black hole, whose EVH limit has an AdS3 factor in
its near-horizon geometry. We also consider the near-EVH limit of this black hole, in
which the near-horizon geometry instead contains an extremal BTZ factor. We employ
recent results on the large-N limit of the superconformal index of the dual CFT4 to
understand the emergence of a CFT2 in the IR of the CFT4, which is the field theory
dual to the emergence of the locally AdS3 factor in the near-horizon geometry. In
particular, we show that the inverse Laplace transform of the superconformal index,
yielding the black hole entropy, becomes equivalent to the derivation of a Cardy formula
for the dual CFT2. Finally, we examine the EVH limit of supersymmetric black holes
in other dimensions.
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1 Introduction
A remarkable realization of holography is the well-studied gauge/gravity correspon-
dence [1–3]. String theory on AdSd+1 × X9−d, with X9−d compact, is dual to a d-
dimensional conformal field theory living on the boundary of the anti-de Sitter space.
The example of primary interest for us is the duality between type IIB string theory
on AdS5 × S5 and N = 4 super-Yang–Mills theory. Avatars in other dimensions in-
clude: the duality between type IIB string theory on AdS3 × S3 ×X4 and the D1-D5
CFT2 living on X4 (for a review see [4]), the duality between type IIA string theory on
AdS4×CP3 and the ABJM theory [5], and the duality between the (0, 2) superconformal
field theory in six dimensions and M-theory on AdS7 × S4 (see e.g. [6–8]).
AdS/CFT provides a fundamental laboratory for the study of the physics of black
holes. More precisely, since the CFT provides a non-perturbative definition of string
theory on AdS backgrounds, one can study questions about (asymptotically AdS) black
holes in the well-defined setting of the quantum field theory. The prototypical example
is the BTZ black hole in AdS3 [9, 10], whose entropy can be understood in terms of
the Cardy formula in the associated CFT2 [11–13]. Generic extremal black holes have
an AdS2 factor in their near-horizon geometry and have a vanishing temperature but
finite horizon area [14]. Often, this is enhanced or lifted to an AdS3 near-horizon, and
the determination of the entropy utilizes known results about the BTZ geometry.
One lesson of AdS/CFT is that the entropy of a black hole can be calculated either
from the point of view of the CFT corresponding to the AdS asymptopia (the UV CFT)
or from a lower dimensional CFT corresponding to the near-horizon AdS factor (the IR
CFT). As entropy counts microscopic degrees of freedom, we would like to identify black
hole microstates in both the UV CFT and the IR CFT and determine how one ensemble
of states evolves smoothly to the other under the holographic renormalization group.
This is in general a challenging problem. We specialize to settings in which algebraic
features of the IR CFT are realized in terms of the UV CFT.
Recently, the entropy for certain supersymmetric asymptotically AdS4 and AdS5
black holes with finite horizon area has been accounted for from the dual CFT point
of view [15–26]. In this paper, we employ the results on 1/16th BPS AdS5 black holes
[27–31] to study the so-called extremal vanishing horizon (EVH) black holes [32–38].
The EVH black holes of interest to us are defined by first taking a limit of a generic
(non-BPS) AdS5 black hole in which the horizon area A scales with a positive integer
– 2 –
power of the temperature as T → 0:
A ∼ T k, k > 0. (1.1)
In fact, we restrict to the case k = 1 in which, upon replacing A with the entropy S,
the thermodynamic relation (1.1) is precisely what one expects for a CFT2. On the
gravity side, it is then expected that a near-horizon (pinching) AdS3 geometry emerges
which decouples from the rest of the bulk directions. This setup is what is known as
the EVH/CFT2 correspondence, where the CFT2 represents the dual to the decoupled
AdS3 geometry. We will also consider near-EVH black holes which have a (pinching)
BTZ factor in their near-horizon geometry. Such black holes arise when we in addition
to the EVH limit take G3 → 0, such that both the entropy and temperature are finite
in the limit [36, 37, 39]. These black holes correspond to excited states in the putative
CFT2.
Our work aims to achieve a detailed understanding of the emergence of a CFT2
in the IR from the CFT4 in the UV from purely field theoretic considerations.
1 In
particular, we calculate the entropy for (near-)EVH black holes using the methods of
[19]. These results apply to the 1/16th BPS AdS5 black holes only, so we will restrict our
attention to a (smooth) BPS limit of the EVH black holes. One of our main findings
is that the computation of the entropy in the four-dimensional CFT reduces to the
derivation of the Cardy formula of a two-dimensional CFT with precisely the central
charge and conformal dimension as expected from the EVH/CFT2 proposal. We take
this as further evidence for the EVH/CFT correspondence derived from a purely field
theoretical perspective. We comment on how this derivation may help in understanding
the field theory perspective in more detail.
Given the success of understanding the EVH limit of AdS5 BPS black holes, it is
interesting to know whether the method can also be used to study BPS black hole in
other dimensions. The entropy-temperature scaling definition (1.1) of the EVH black
holes requires knowledge about non-extremal AdS geometries at strong coupling. Lim-
itations of known AdS black hole solutions in general dimensions restricts our capacity
to explore this further. We find that among the set of known AdSd+1 (d > 2) black
hole solutions, the AdS5 BPS black hole [29, 31, 37] is the best example to explore the
EVH-BPS limit.
This paper is organized as follows. In Section 2, we review the most general black
hole solutions in AdS5 and subsequently restrict to supersymmetric solutions and study
1See also [40, 41] for some results in this direction. Also, similar work has been done in [42, 43].
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their (near-)EVH limits. In Section 3, we review the microscopic derivation of the
supersymmetric AdS5 black hole entropy. We then use this calculation to derive the
entropy of the (near-)EVH black holes and show how this computation is related to the
derivation of the Cardy formula in two-dimensional CFT. In Section 4, we introduce a
method to determine whether AdSk+1 could appear in the near-horizon limit of EVH-
BPS black holes in AdSd+1 for k < d for general d and k < d. Finally, in Section 5 we
discuss our results and conclude with directions for future research.
2 Supersymmetric black hole solution in AdS5
In this section, we will review the general AdS5 black hole solutions. In addition, we
will take both the EVH and BPS limits of these solutions and derive their near-horizon
geometries. Finally, we review the constraint on the chemical potentials, which will be
important to connect the geometry to its field theory dual. The study of the EVH-BPS
limit of black holes in general dimensions will be postponed to Section 4.
2.1 Black hole solutions in 5d supergravity
The aim of this section is to set notation. As we write out the solutions explicitly,
certain formulae are somewhat intricate. We will first consider a supersymmetric AdS5
black hole as the solution of five-dimensional gauged supergravity. The generic five-
dimensional U(1)n gauged supergravity action [31] is:2
S5d =
1
16piG5
∫ (
R5 ? 1−QIJF I ∧ ?F J −QIJdXI ∧ ?dXJ − 1
6
CIJKF
I ∧ F J ∧ AK + 2V ? 1
)
,
(2.1)
where the n real XI obey the constraint
1
6
CIJKX
IXJXK = 1 with I, J,K = 1, · · · , n , (2.2)
and CIJK is symmetric under permutation of (IJK). In addition
F I ≡ dAI , XI ≡ 1
6
CIJKX
JXK , QIJ ≡ 9
2
XIXJ − 1
2
CIJKX
K . (2.3)
We will focus on U(1)3 gauged supergravity, which contains U(1)3 gauge fields and
two independent real scalars. Now CIJK = 1 when (IJK) is a permutation of (123)
2We set the coupling g = 1.
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and zero otherwise. In terms of XI with I = 1, 2, 3, the constraint (2.2) and eq. (2.3)
become
X1X2X3 = 1, XI ≡ 1
3XI
, QIJ ≡ δIJ
2(XI)2
. (2.4)
Furthermore, the potential V is given by:
2V ? 1 = 4√−G
3∑
i=1
1
XI
dV. (2.5)
The scalars XI can be written in terms of two independent scalars ϕi:
X1 = e
− 1√
6
ϕ1− 1√
2
ϕ2 , X2 = e
− 1√
6
ϕ1+
1√
2
ϕ2 , X3 = e
2√
6
ϕ1 . (2.6)
In terms of the ϕi, the bosonic part of Lagrangian of this U(1)
3 theory becomes [29]:
1√|g|L = R− 12((∂ϕ1)2 + (∂ϕ2)2)−
3∑
I=1
1
(2XI)2
(F I)2 + 4
3∑
I=1
1
XI
+
1
6
µνρσλF 1µνF
2
ρσA
3
λ.
(2.7)
The action associated to (2.7) has a non-BPS black hole solution, described by four
free parameters (a, b,m, q) [29]:
ds25 = H
− 4
3
[
−X
ρ2
(dt− a sin2 θdφ
Ξa
− b cos2 θdψ
Ξb
)2 +
C
ρ2
(
ab
f3
dt− b
f2
sin2 θ
dφ
Ξa
− a
f1
cos2 θ
dψ
Ξb
)2
+
Z sin2 θ
ρ2
(
a
f3
dt− 1
f2
dφ
Ξa
)2
+
W cos2 θ
ρ2
(
b
f3
dt− 1
f1
dψ
Ξb
)2]
+H
2
3
[
ρ2
X
dr2 +
ρ2
∆θ
dθ2
]
,
H =
ρ˜2
ρ2
, ρ2 = r2 + a2 cos2 θ + b2 sin2 θ, ρ˜2 = ρ2 + q,
f1 = a
2 + r2, f2 = b
2 + r2, f3 = (a
2 + r2)(b2 + r2) + qr2,
∆θ = 1− a2 cos2 θ − b2 sin2 θ, X = (a
2 + r2)(b2 + r2)
r2
− 2m+ (a2 + r2 + q)(b2 + r2 + q),
C = f1f2(X + 2m− q
2
ρ2
), Ξa = 1− a2, Ξb = 1− b2,
Z = −b2C + f2f3
r2
[
f3 − r2(a2 − b2)(a2 + r2 + q) cos2 θ
]
,
W = −a2C + f1f3
r2
[
f3 + r
2(a2 − b2)(b2 + r2 + q) sin2 θ] .
(2.8)
The scalars are related to the warp factors in the metric:
X1 = X2 = H
− 1
3 , X3 = H
2
3 , (2.9)
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and the gauge fields are given by:
A1 = A2 =
√
q2 + 2mq
ρ˜2
(
dt− a sin2 θdφ
Ξa
− b cos2 θdψ
Ξb
)
,
A3 =
q
ρ2
(
b sin2 θ
dφ
Ξa
+ a cos2 θ
dψ
Ξb
)
.
(2.10)
The black hole solution is written in the asymptotic rotating frame. One can
transform the solution to the asymptotic static frame by the coordinate transformation
[29]:
φS = φ+ at, ψS = ψ + bt. (2.11)
In the asymptotic static frame, the chemical potentials and angular velocities are [29]:
Ωa =
a(r4+ + r
2
+b
2 + r2+q + b
2 + r2+)
(r2+ + a
2)(r2+ + b
2) + qr2+
, Ωb =
b(r4+ + r
2
+a
2 + r2+q + a
2 + r2+)
(r2+ + a
2)(r2+ + b
2) + qr2+
,
Φ1 = Φ2 =
√
q2 + 2mqr2+
(r2+ + a
2)(r2+ + b
2) + qr2+
, Φ3 =
qab
(r2+ + a
2)(r2+ + b
2) + qr2+
,
(2.12)
where the Newton constant G5 is expressed in terms of the rank of the SU(N) gauge
group of the dual field theory by pi
2G5
= N2. Moreover, r+ is the outer horizon radius for
which X as defined in (2.8) vanishes: X(r+) = 0. In addition, the angular momenta,
U(1) charges, entropy, temperature, and mass of the black hole (2.8) are given by
[29, 37]:
Ja =
N2a(2m+ qΞb)
2ΞbΞ2a
, Jb =
N2b(2m+ qΞa)
2ΞaΞ2b
,
Q1 = Q2 =
N2
√
q2 + 2mq
2ΞaΞb
, Q3 = −N
2abq
2ΞaΞb
,
S =
N2pi[(r2+ + a
2)(r2+ + b
2) + qr2+]
ΞaΞbr+
,
TH =
2r6+ + r
4
+(1 + a
2 + b2 + 2q)− a2b2
2pir+[(r2+ + a
2)(r2+ + b
2) + qr2+]
,
E =
N2
4Ξ2aΞ
2
b
[2m(2Ξa + 2Ξb − ΞaΞb) + q(2Ξ2a + 2Ξ2b + 2ΞaΞb − Ξ2aΞb − Ξ2bΞa)],
(2.13)
where Ja and Jb measure the angular momenta around the φ and ψ directions respec-
tively,3 whereas QI measure the electric charges of the black hole with respect to the
U(1) gauge fields AI .
3 We adopt this notation because Ja ≡ Jφ vanishes when a = 0, and Jb ≡ Jψ vanishes when b = 0.
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The black hole solution preserves a supersymmetry when its charges satisfy the
following BPS condition [29]:
E − Ja − Jb −Q1 −Q2 −Q3 = 0. (2.14)
In terms of the parameters (a, b,m, q), this condition is equivalent to:
q =
2m
(a+ b)(2 + a+ b)
. (2.15)
However, even when this constraint is satisfied, it turns out that the spacetime could
contain closed timelike curves. To avoid those, and in addition naked singularities, one
also has to constrain the parameter m in terms of a and b [44]. The result is:
m =
(a+ b)2(1 + a)(1 + b)(2 + a+ b)
2(1 + a+ b)
. (2.16)
For these values, it turns out that the horizon radius is given by:
r2+ = r
2
0 ≡
ab
1 + a+ b
. (2.17)
Plugging in these values, the function X simplifies to:
X(r) =
(r2 − r20)2(r2 + (1 + a+ b)2)
r2
, (2.18)
showing that the solution has become extremal. Namely, a causally well-behaved BPS
black hole is also extremal. At the BPS-extremal point, the charge q simplifies to:
q =
(a+ b)(1 + a)(1 + b)
1 + a+ b
. (2.19)
Therefore, this BPS black hole only depends on the parameters a and b.
The supersymmetric solution we study here looks different from the most general
supersymmetric black holes found in [31], which we review in Appendix A. The super-
symmetric solution in [31] chooses a t coordinate adapted to the null Killing field ∂t
on the horizon. Thus, the solution (A.1) is corotating with horizon.4 To embed the
supersymmetric limit of solution (2.8) into the most general class (A.1), we need to
transform the metric into the corotating frame via:
φ˜ = φ+ (a− 1)t, ψ˜ = ψ + (b− 1)t. (2.20)
4We thank James Lucietti for clarifying this point for us.
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Finally, the black hole solution (2.8) can be embedded into ten dimensions in type
IIB supergravity [45]. The ansatz for the ten-dimensional supergravity solution is
ds210 =
√
∆˜ds25 +
1√
∆˜
3∑
i=1
1
Xi
(dµ2i + µ
2
i (dψi + A
i)2). (2.21)
The extra five-dimensional manifold can be considered as a deformation of S5, which
is parametrized by:
dΩ2S5 =
∑
i
(
dµ2i + µ
2
i dψ
2
i
)
. (2.22)
Here, we think of S5 as a three-torus T 3 fibration over the two-sphere S2, where the µi
parametrize the S2:
µ1 = sinα cos β, µ2 = sinα sin β, µ3 = cosα. (2.23)
On the other hand, the ψi parametrize T
3. Finally, ∆˜ only depends on the scalar fields
Xi through ∆˜ =
∑
i µ
2
iXi.
2.2 (Near-)EVH limit of the BPS black hole
The BPS black hole we constructed above generically has a finite horizon area. In
particular, its near-horizon geometry contains an AdS2 throat [16]. In order for an
AdS3 to arise in the near-horizon geometry, the horizon size of the black hole has to
vanish. The AdS3 geometry reflects the vanishing horizon area in that its angular
direction is pinching. In general, this will result into an infinitely gapped system, since
the energy gap above the ground state scales like 1/R, with R the (conformal) boundary
circle radius. However, as studied in [36, 39], one may keep non-trivial dynamics by
combining the vanishing entropy limit with a G3 → 0 (i.e., c→∞) limit. This will be
the type of double scaling limit we consider for the near-EVH black holes.
Let us first revisit the strict EVH black hole obtained in [37]. The EVH condition
can be imposed independently of the supersymmetry condition. For the solution (2.8)
with a ten-dimensional embedding (2.21), the EVH condition is
X(r+ = b = 0) = 0. (2.24)
This gives:
m =
q2 + a2(1 + q)
2
. (2.25)
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The near-horizon limit is approached by expanding (2.8) in terms of r = ρ. After
some work and suitable coordinate redefinitions, [37] obtains the following geometry:
ds2 = h1h2
[
−x
2
`23
dτ 2 +
`23
x2
dx2 + x2dχ˜2
]
+
(a2 + q)h1h2
∆θ
dθ2 +
cos2 α cos2 θ
K2h1h2
dξ2 +
a2 + q
Ξ2a
h2
h31
∆θ sin
2 θdφ˜2
+
h2
h1
dα2 +
h1
h2
sin2 α dβ2 +
h1
h2
[
µ21(dψ˜1 − Adφ˜)2 + µ21(dψ˜2 − Adφ˜)2
]
.
(2.26)
Apart from the definitions of the various functions that we will collect below, let us
start by summarizing the most important aspects of this geometry. First of all, the
metric describes a warped product of a locally AdS3 geometry (first line (2.26)) and
some seven-dimensional manifold (second and third line in (2.26)). The time and radial
coordinates τ and x are directly related to the time and radial coordinates of the original
AdS5 black hole geometry. In addition, the new angular coordinates χ˜ and ξ are related
to the original angles ψ and φ of the AdS5 geometry via:
χ˜ = ψ, ξ =
1√
2
(ψ3 + ψ). (2.27)
This implies in particular that the periodicity of χ˜ is 2pi, showing the local AdS3
geometry is the pinching orbifold of [39]. Moreover, the coordinate transformation
shows that the AdS3 geometry is embedded completely inside the AdS5 geometry, as
opposed to its angular part originating from an S5 direction as in e.g., [32]. Finally,
note that the generator of rotations around the angular direction in AdS3 will be
proportional to ∂χ˜ = 
−1(∂ψ + ∂ψ3).
5
Let us now briefly collect the definitions of the various functions appearing in the
metric. Some were already defined in (2.8) and (2.23). For the rest, h1,2 are given by
[37]:
h21 =
a2 cos2 θ + q
a2 + q
, h22 =
a2 cos2 θ + qµ23
a2 + q
. (2.28)
Furthermore, we have:
∆θ = 1− a2 cos2 θ, A = a
√
qYs
`3Ξa
√
V
sin2 θ
h21
. (2.29)
5This will explain a relation we discuss below in the context of the near-EVH black hole, which
relates the L0 eigenvalue of the CFT2 to the near-EVH black hole charges L0 ∼ Jb +Q3 (since in the
BPS case L¯0 = 0).
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Finally, we have:
K =
√
a2 + q
a2 + q2
, `23 =
a2 + q
V
. (2.30)
At the BPS point, when we are imposing conditions (2.15) and (2.16), V, q and Ys
take the values:
V = (1 + a)2, q = a, Ys = 1 + a. (2.31)
Finally, let us write down the charges of this specific black hole. First of all, note
that b = 0 implies that Jb = Q3 = 0. The other charges are finite and given by:
Ja =
N2a2
2(1− a)2 , Q1 = Q2 =
a
2(1− a)N
2, (2.32)
and satisfy:
N2
2
Ja = Q
2
1. (2.33)
We will come back to this relation in Section 3.
To obtain the near-horizon metric for the near-EVH black hole, instead of b = 0
one takes b = λ2. The analysis that leads to the near-horizon geometry is otherwise
similar to the strict EVH case, so we will not repeat it here and refer the interested
reader to [37]. Suffice to say that the near-horizon geometry describes a similar warped
product as in (2.26) but now instead of an AdS3 geometry there is a pinching extremal
BTZ in the BPS case:
ds23 = −
(x2 − x20)2
`23x
2
dτ 2 +
`23x
2dx2
(x2 − x20)2
+ x2
(
dχ˜− x
2
0
`23x
2
dτ
)2
, (2.34)
where:
`23 =
a
1 + a
, x20 =
λ
2
. (2.35)
Moreover, the periodicity of χ˜ is again 2pi, reflecting the fact that the BTZ is pinching.
By the relation between the parent central charge of the N = 4 theory to the
ten-dimensional Newton constant and compactifying the warped geometry to the BTZ
in three dimensions, we obtain [37]:
1
G3
= 2
√
2N2
a
1− a
√
a
1 + a
, (2.36)
with N the rank of the gauge group. This allows us to compute the entropy of the BTZ
black hole:
SBTZ =
2pix0
4G3
=
pia
1− a
√
λa
1 + a
N2. (2.37)
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As mentioned at the beginning of this section, we see from this formula that to allow
for a finite entropy we need to take the double scaling limit → 0 and N →∞ keeping
N2 fixed. This then defines the near-EVH limit. We can also read off the mass of the
BTZ black hole. It is given by:
MBTZ`3 = L0 − c
24
=
aλ
2
√
2(1− a)N
2 =
1√
2
(Jb +Q3). (2.38)
In the first equality, we remind the reader how the (extremal) BTZ mass is related to
the conformal dimension in the dual CFT2, whereas the last equality can be checked
by plugging in b = λ2 into the black hole charges (2.13). Note that we anticipated this
relation below (2.27). We will give a precise CFT4 interpretation of both (2.37) and
(2.38) in Section 3.
Let us end this section by noting that our near-EVH black hole geometry (2.34)
has two free parameters (a, λ). The most general supersymmetric AdS5 black hole [31]
has four free parameters, which still has a vanishing entropy if Q3 = Jb = 0 [19]. This
implies the EVH black hole also exists in these solutions. We will show in Appendix
A that the near-horizon geometry of these most general supersymmetric AdS5 black
holes still contain AdS3 factors in the EVH limit.
2.3 Chemical potentials
In this section, we will define the various potentials for the supersymmetric black holes
by taking the BPS limit of the potentials for the generic non-BPS black hole (2.12). The
BPS limit can be taken through a zero temperature limit accompanied by specific limits
for the various potentials as discussed in [46] (see also [18] for a more recent discussion
in our context). The fact that one has to take limits of the chemical potentials as well
can be illustrated by a simple example [46]. Consider the partition function
Z =
∑
E,J
e−βE−βΩJ =
∑
e−β(E−J)+β(1−Ω)J , (2.39)
where β is the inverse temperature and Ω is the chemical potential associated to the
charge J . In the zero temperature limit β → ∞, we see that the partition function
localizes on the states satisfying a BPS equation E = J . However, for the partition
function to be well defined, one should also make sure that ∆ ≡ β(1 − Ω) is finite in
the limit β →∞. It is ∆ that then defines the BPS limit of the chemical potential.
To find the BPS values of the chemical potentials, we follow [18]. We can start
from the non-BPS black hole (2.8). The parameter m can be expressed in terms of the
– 11 –
horizon size r+ as:
m =
(r2+ + a
2)(r2+ + b
2)
2r2+
+
(r2+ + a
2 + q)(r2+ + b
2 + q)
2
. (2.40)
Imposing the supersymmetry condition (2.15) without the causality condition (2.16),
we can solve for q as:6
q =
(a− ir+)(b− ir+)(1− ir+)
−ir+ = a+ b+ ab− r
2
+ −
i(1 + a+ b)
r+
(r2+ − r20). (2.41)
The parameter q is only real when r+ = r0 with r0 determined by (2.17), which repro-
duces the BPS-extremal value (2.19). For all the other values, the BPS black hole has
a naked singularity and is causally pathological [29]. However, to take the BPS limit
it turns out to be convenient to momentarily ignore the constraint r+ = r0 and take
q as in (2.41). We can then write the black hole chemical potentials ΦI and angular
velocities Ωi in (2.12) as follows:
Φ1 = Φ2 =
(1 + a+ b)r+(r+ + i)
i(1 + a+ b)r+ + ab
, Φ3 =
ab(i+ r+)
r+(ab+ i(1 + a+ b)r+)
,
Ωa =
a(1− ir+)[(1 + a+ b)r+ − ib]
(a− ir+)[(1 + a+ b)r+ − iab] , Ωb =
b(1− ir+)[(1 + a+ b)r+ − ia]
(b− ir+)[(1 + a+ b)r+ − iab] .
(2.42)
One verifies that these potentials obey the equation:
β(Ωa + Ωb − Φ1 − Φ2 − Φ3 + 1) = 2pii, (2.43)
where β corresponds to the inverse Hawking temperature of the non-BPS black hole
given in (2.13). We now want to consider the β →∞ limit, obtained by taking r+ → r0
with r0 defined in (2.17). The chemical potentials in this limit simplify to:
Φ1 = Φ2 = Φ3 = Ωa = Ωb = 1. (2.44)
As in the simple example discussed above, this motivates us to define finite BPS po-
tentials as:
ωi = lim
r+→r0
β(1− Ωi), ∆I = lim
r+→r0
β(1− ΦI), (2.45)
with i = a, b and I = 1, 2, 3. Explicitly, ωi and ∆I are given by:
∆1 = ∆2 = −pir0(a+ b)[(1 + a+ b)r0 + iab]
iab(1 + a+ b− ir0) ,
∆3 =
pi(a+ b)[(1 + a+ b)r0 + iab]
ab(1 + a+ b− ir0) ,
ωa =
pi(1− a)(ib+ r0)
ir0(1 + a+ b− ir0) , ωb =
pi(1− b)(ia+ r0)
ir0(1 + a+ b− ir0) .
(2.46)
6We have chosen one branch of the solution. The other can be obtained by i→ −i.
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The BPS potentials then satisfy the constraint:
∆1 + ∆2 + ∆3 − ωa − ωb = β − β(Φ1 + Φ2 + Φ3 − Ωa − Ωb) = 2pii. (2.47)
Therefore, even though the original chemical potentials (2.42) become real in the limit
r+ = r0, the properly defined BPS potentials satisfy a complex constraint! This ob-
servation underlies all recent derivations of the AdS5 BPS black hole entropy from the
supersymmetric partition function of the N = 4 SYM theory [17–19].
In Section 3, we will derive the values of the chemical potentials in the (near-)
EVH limit from the dual CFT. Therefore, we will now take the EVH limit of these
potentials in order to compare to the field theory analysis later. It turns out that in
this comparison there is a slight subtlety which is related to the fact that in the strict
EVH limit b → 0, the EVH limit and BPS limit of the chemical potentials do not
commute. To see this, let us first compute the EVH limit of the BPS potentials in
(2.45):
lim
b→0
∆1 = lim
b→0
∆2 =
piia
1 + a
, lim
b→0
ωa = −pii(1− a)
1 + a
. (2.48)
This shows that in the EVH limit ∆1,2 and ωa satisfy the following condition:
∆1 + ∆2 − ωa = pii. (2.49)
In addition:
lim
b→0
ωb =
pi√
b
√
a
1 + a
+O(b0). (2.50)
On the other hand, if we first take the EVH limit, such that in particular Jb =
Q3 = 0, the BPS condition (2.14) reads:
E = Q1 +Q2 + Ja (2.51)
This condition may be viewed as the consequence of imposing two independent BPS
conditions:
E = Q1 +Q2 +Q3 + Ja + Jb,
E = Q1 +Q2 −Q3 + Ja − Jb.
(2.52)
For the black hole solutions we have studied, the first condition results in the constraint
(2.47) for generic r+, as we have seen above. On the other hand, a similar analysis
shows that black hole solutions obeying the second condition have chemical potentials
that obey another constraint:
∆1 + ∆2 −∆3 − ωa + ωb = 2pii. (2.53)
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These two constraints combine to give:
∆1 + ∆2 − ωa = 2pii, (2.54)
which is in clear contradiction to (2.49). The explicit potentials we derive for b→ 0 in
this case are given by:
lim
b→0
∆1 = lim
b→0
∆2 =
2piia
1 + a
, lim
b→0
ωa = −2pii(1− a)
1 + a
. (2.55)
As we will see in the next section, from the field theory point of view the latter potentials
emerge in the strict EVH limit. However, in the near-EVH limit we do find the values
(2.48) and (2.50).
We will call the black holes satisfying the constraint (2.49) the BPS black hole in
the EVH limit. On the other hand, the black holes satisfying the constraint (2.54) is
called the EVH-BPS black hole. The constraint (2.54) is the result of enhancement of
supersymmetry in the strict EVH limit, as we will see in the following section.
3 N = 4 SYM and the superconformal index
To study the microscopic origin of the EVH/CFT correspondence, we now turn to the
CFT dual description of the AdS5 black holes discussed in the previous section. This
dual description is provided by the four-dimensional N = 4 SU(N) super-Yang–Mills
theory. One of the most basic entries in the dictionary is the relation between the rank
of the gauge group and the AdS radius and Newton’s constant in five dimensions:
N2 =
pi
2G5g3
, (3.1)
where we put g = L−1AdS = 1 in the following. To arrive at a microscopic derivation of the
entropy of the (near-)EVH black holes, we will follow the recent work on a microscopic
accounting of the entropy of general AdS5 black holes [19].
7
The partition function studied in [19] is defined by:
Z(β,∆I , ωi) = TrH
[
e−
∑3
I=1 ∆IQIe−ωaJae−ωbJbe−βEsusy
]
. (3.2)
In this expression, H is the Hilbert space of the theory quantized on S3 (the conformal
boundary of AdS5), which via the operator-state correspondence is constructed by
7See also [17, 18] for similar results which were obtained through different methods.
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applying gauge invariant local operators on the vacuum. Furthermore, the QI charges
correspond to the Cartan generators of the SO(6) R-symmetry and the Ji charges
correspond to the Cartan generators of the SO(4) rotational symmetry of S3. The
operator Esusy is taken to be:
Esusy ≡ {Q,S} = E −
(
3∑
I=1
QI
)
− Ja − Jb , (3.3)
where Q is a supercharge with charge +1
2
under the QI and charge −12 under the Ji,
and E is the generator of time translations of the theory on S3. Finally, the chemical
potentials ∆I and ωi can in general be complex, as we will see below, but are periodic
under translations by 4pii.
As it stands, the partition function in (3.2) receives contributions from all states
in the theory. This is because Q does not anti-commute with the operator in the trace.
Indeed, we have:
e−∆IQI−ωiJiQ = e−
(∑3I=1 ∆I)−ωa−ωb
2 Qe−∆IQI−ωiJi . (3.4)
To resolve this issue, it is proposed in [19] (see also [18]) to restrict the theory to the
hypersurface: (
3∑
I=1
∆I
)
− ωa − ωb = 2pii mod 4pii. (3.5)
Note that this is also the constraint obeyed by black holes as reviewed in Section 2.3. On
this hypersurface, we see that the supercharge Q anticommutes with the full operator
in the trace and therefore the partition function localizes on the space of 1/16th BPS
states:
HQ = {|ψ〉 ∈ H| Q|ψ〉 = 0}. (3.6)
This is achieved without the need for an explicit insertion of (−1)F . Since these BPS
states are annihilated by {Q,S} as well, their quantum numbers saturate the unitarity
bound:
E ≥ Q1 +Q2 +Q3 + Ja + Jb. (3.7)
In [19], the index (3.2) is explicitly computed in the weakly coupled N = 4 theory,
even though the final result holds for arbitrary coupling due to the fact that only BPS
states contribute. As is standard, one deals with the gauge invariance constraint on
states by including holonomies for the gauge field along the temporal circle in the
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trace (3.2). The projection on the gauge invariant states can then be performed by
integration over the gauge group with the Haar measure:∫
[dU ] =
1
N !(2pi)N−1
∫ N−1∏
i=1
dαi
∏
i<j
4 sin2
1
2
(αi − αj). (3.8)
The resulting expression for the index is given by [19, 47]:
Z =
1
N !
∫ N∏
i=1
dαi
2pi
∏
i<j
(
2 sin
αij
2
)2
exp
[ ∞∑
n=1
1
n
(
1−
∏3
I=1 2 sinh
n∆I
2
2 sinh nωa
2
2 sinh nωb
2
)
N∑
i,j=1
einαij
]
.
(3.9)
Here, the αi correspond to the weights of SU(N) and αij ≡ αi−αj to the roots, which
reflect the gauge charges of the various adjoint valued fields.
At large-N , this index can be computed through a saddle point approximation.
The early result of [48] showed that the leading term is only of order O(1) at large-N .
The failure to reproduce an O(N2) scaling, as expected from the existence of large
AdS5 BPS black holes, is believed to be due to the large cancellation between bosonic
and fermionic degrees of freedom.
The crucial ingredient of the new analysis in [19] is to allow for complex chemical
potentials (as also emphasized in [17, 18]). This is in fact required since the black
hole chemical potentials satisfy a complex constraint (3.5). The complex phase could
potentially obstruct the large cancellation between bosonic and fermionic degrees of
freedom. This turns out to be the case. The leading order contribution to the partition
function (3.9) at large-N is computed through a saddle point approximation in the
“generalized Cardy” limit ωi  1 and is given by the simple O(N2) expression:
logZ =
N2
2
∆1∆2∆3
ωaωb
. (3.10)
To arrive at this expression, it is assumed that the matrix integral in (3.9) is dominated
by the “maximally deconfining” saddle α1 = α2 = . . . = αN . Note that the expression is
formally identical to the supersymmetric Casimir energy [16, 49, 50], but with chemical
potential subject to the constraint (3.5). To compute the degeneracy of states for fixed
charges, one should now compute the inverse Laplace transform:
d =
∫
d∆1d∆2dωadωb Z(∆I , ωi) e
ωa(Ja+Q3)eωb(Jb+Q3)e∆1(Q1−Q3)e∆2(Q2−Q3)(−1)F ,
(3.11)
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where (−1)F = e2piiQ3 . At large-N and large charges (i.e., the charges scale with N2),
the inverse Laplace transform becomes a Legendre transform of logZ. As shown in [16]
(see also [18, 19]), this reproduces the expected BPS AdS5 black hole entropy:
S = 2pi
√
Q1Q2 +Q2Q3 +Q3Q1 − N
2
2
(Ja + Jb). (3.12)
3.1 Entropy of (near-)EVH black holes
We now turn to our black holes of interest, as described in Section 2.2. This will not
be a trivial specialization of the analysis reviewed above, since for the near-EVH black
hole the charges Jb and Q3 are not of order N
2 and therefore it is not directly clear
whether one can perform a saddle point approximation with respect to the associated
chemical potentials.
The EVH limit: Since (near-)EVH black holes have Q1 = Q2 ≡ Q, the expression
(3.11) becomes:
d =
∫
d∆1d∆2dωadωb exp
(N2
2
∆1∆2∆3
ωaωb
+ ωa(Ja +Q3) + ωb(Jb +Q3) + (∆1 + ∆2)(Q−Q3) + 2piiQ3
)
.
(3.13)
The saddle point equations for ∆1 and ∆2 are identical in this case, implying ∆1 =
∆2 ≡ ∆ on the saddle. In the following, we will use this fact to write (3.13) as:
d =
∫
d∆dωadωb exp
(
N2
2
∆2∆3
ωaωb
+ ωa(Ja +Q3) + ωb(Jb +Q3) + 2∆(Q−Q3) + 2piiQ3
)
,
(3.14)
which is allowed as long as we restrict to the saddle point approximation of the inte-
grand.
The computation of (3.14) is simplified further since the integrand in the strict
EVH limit does not depend on ωb. This is due to the fact that the EVH black holes
preserve an additional supercharge. To understand this in more detail, let us first write
down the index (3.2) after having solved the constraint (3.5):
Z(∆I , ωi) = TrHQ
[
e−∆1(Q1−Q3)e−∆2(Q2−Q3)e−ωa(Ja+Q3)e−ωb(Jb+Q3)e−2piiQ3e−βEsusy
]
.
(3.15)
Since EVH black holes have Jb = Q3 = 0, we can take ωb → ∞ in the index without
losing their contributions. Indeed, in this limit the index localizes onto configurations
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with Jb + Q3 = 0, of which the EVH black holes form a subset. The ωb → ∞ limit is
known as the Macdonald limit of the superconformal index, which can be defined for
generic four-dimensional N = 2 SCFTs. One can explicitly check that the supercharge
Q′ with charges:
Q1 = Q2 = −Q3 = +1
2
, Ja = −Jb = −1
2
(3.16)
anticommutes with the remaining operator in the trace. Therefore, the trace localizes
on the Hilbert space of 1/8th BPS states annihilated by both Q and Q′. One may verify
the additional charge constraint in the Macdonald sector by noting that:
{Q′,S ′} = E −Q1 −Q2 +Q3 − Ja + Jb. (3.17)
The vanishing of this expression, combined with the 1/16th BPS condition (3.7), indeed
leads to Jb +Q3 = 0.
The Macdonald limit of the index was also considered in [19]. Solving the constraint
(3.5) in the limit ωb → ∞ for ∆3, one finds that ∆3 → ∞ also. This leaves ∆ and
ωa unconstrained.
8 In the limit that ∆, ωa  1, [19] shows that the partition function
becomes equal to the naive ωb,∆3 →∞ limit of (3.10):
logZ =
N2
2
∆2
ωa
. (3.18)
Since the charges Ja and Q are of order O(N2), we may in complete analogy with the
analysis leading to (3.12) compute the Legendre transform of (3.18) with respect to ∆
and ωa, i.e., we extremize
S =
(
N2
2
∆2
ωa
+ ωaJa + 2∆Q
) ∣∣∣∆̂,ω̂a , (3.19)
with respect to ∆ and ωa, where the hatted potentials denote those values at which
the extremum is reached. One finds that this leads to S = 0, as expected for an EVH
black hole. However, this extremization procedure only fixes the ratio of ∆̂ and ω̂a to
be:
∆̂
ω̂a
= −2Q
N2
= − a
1− a, (3.20)
where we have used the EVH value of Q = Q1 = Q2 given in eq. (2.13). Even though
this is consistent with the chemical potentials of the EVH black hole given in (2.48),
8This claim will be re-examined below. However, even at this stage one should note that only the
real parts of the chemical potentials ∆1,2, ωa are unconstrained, since any finite real part is insignificant
with respect to ωb,∆3 →∞.
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we will show that we can do better by correctly taking into account the constraint on
∆ and ωa.
To continue, we take a different approach to compute the Macdonald limit. Instead
of taking the chemical potential ωb → ∞, we will require instead that apart from Q
also Q′ anticommutes with the operator in the trace. This will guarantee that the
trace restricts to the Macdonald sector HQ,Q′ of the theory. In doing this, we derive an
additional constraint on the chemical potentials, similar to how (3.5) was derived. We
start from the index in which we have solved (3.5) for ∆3, as given in (3.15). Demanding
that Q′ anticommutes with the operator in the trace and using (3.16), we derive the
following constraint:
∆1 + ∆2 − ωa = 2piin mod 4pii, n ∈ Z. (3.21)
Combining this with the original constraint, we note that in this case we also have:
∆3 − ωb = 2piim mod 4pii, m ∈ Z such that m+ n ∈ 2Z+ 1. (3.22)
Solving the new constraint for ωa while taking n odd and m even, we find:
Z(∆1,∆2) = TrHQ,Q′
[
e−∆1(Q1+Ja)e−∆2(Q2+Ja)e2piiJae−βEsusy
]
. (3.23)
Note that we used the fact that Jb +Q3 = 0 in HQ,Q′ and consequently the index does
not depend on ωb.
We will now work out the same extremization procedure as above, but taking into
account the constraint (3.21). We implement the constraint by a Lagrange multiplier
and thus extremize:
S =
(
N2
2
∆2
ωa
+ ωaJa + 2∆Q+ Λ(2∆− ωa − 2pii)
) ∣∣∣∆̂,ω̂a,Λ̂ . (3.24)
This leads again to S = 0, as expected. However, due to the additional constraint, we
are able to solve for the chemical potentials exactly. They turn out to be given by:9
∆̂ =
2piia
1 + a
, ω̂a = −2pii(1− a)
1 + a
, Λ̂ = 0. (3.25)
Note that these values reproduce the gravity calculation (2.55) exactly. For consistency,
we should check that these chemical potentials fall within the regime of validity of
9There is another branch of solution, which gives an imaginary entropy, and hence is discarded.
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the analysis in [19] leading to (3.18). To compare with their analysis, we first shift
∆→ ∆− ipi such that the constraint (3.21) reads (for odd n):
2∆− ω = 0 mod 4pii. (3.26)
The values of the shifted chemical potentials that extremize S then read:
∆̂ =
pii(a− 1)
1 + a
, ω̂a = −2pii(1− a)
1 + a
, Λ̂ = 0. (3.27)
Since the regime of validity is dictated by |∆|, |ωa|  1, we find that our analysis is
only consistent for a→ 1, or in other words very fast spinning black holes.10
Finally, we note that our chemical potentials are purely imaginary, whereas a pos-
itive real part is required for convergence of the index. We take the point of view that
these chemical potentials reach 0+, as required for convergence, in the EVH limit, as
we will further show when considering the near-EVH limit.
The near-EVH limit: We will now study the near-EVH limit of the index. In this
case, Ja and Q1 = Q2 are of order N
2. However, the charges Q3 and Jb are of order
N22, as reviewed in Section 2. Thus, in the large-N limit, we cannot a priori justify
a saddle point approximation for the evaluation of the ωb integral in (3.11). So let us
first perform saddle point approximations for the ωa and ∆ integrals in:
d =
∫
d∆dωadωb exp
(
N2
2
∆2∆3
ωaωb
+ ωa(Ja +Q3) + ωb(Jb +Q3) + 2∆(Q−Q3) + 2piiQ3
)
.
(3.28)
Understanding the constraint (3.5) as fixing ∆3 as a function of the other chemical
potentials, the saddle point equations for ∆ and ωa become respectively:
N2
2
∆∆3 −∆2
ωaωb
+Q−Q3 = 0,
N2
2
(
−∆
2∆3
ω2aωb
+
∆2
ωaωb
)
+ Ja +Q3 = 0.
(3.29)
We will denote the solutions to these equations by ∆̂ and ω̂a. Using the saddle point
equations to eliminate the charges Q−Q3 and Ja +Q3, we find:
d =
∫
dωb exp
[
N2
2
∆̂2
ωb
(
2∆̂
ω̂a
− 1
)
+ 2piiQ3
]
eωb(Jb+Q3). (3.30)
10The fast spinning limit of EVH black holes also appeared in [40, 41], and was crucial in under-
standing the appearance of a dual chiral two-dimensional CFT. We will further comment on this
below.
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To understand how to proceed, we will need to determine the precise expressions cor-
responding to ∆̂ and ω̂a, in particular their dependence on ωb. Let us therefore analyze
(3.29) in more detail. First of all, the analysis will be simplified by reparametrizing the
chemical potentials in terms of unconstrained variables zI , I = 1, . . . , 4 [16, 19]:
∆I =
2piizI
1 + z1 + z2 + z3 + z4
, ωa =
−2pii
1 + z1 + z2 + z3 + z4
, ωb = − 2piiz4
1 + z1 + z2 + z3 + z4
.
(3.31)
In our case, we use z1 = z2 = z, for which the saddle point equations become:
N2
2
z(z3 − z)
z4
= Q3 −Q,
N2
2
z2(z3 + 1)
z4
= −Ja −Q3.
(3.32)
Let us first solve for z3 in terms of z and z4. We find:
z3 = − (Ja +Q)z4N2
2
z(z + 1)
. (3.33)
This leads to a third order equation to be satisfied by z:
N2
2
z2(z + 1)
z4
+ (Q3 −Q)(z + 1) + Ja +Q = 0. (3.34)
This equation can be solved exactly, but the solutions are not particularly illuminating.
Instead, we will analyze the equation in the near-EVH limit, meaning we take b = λ2,
and take the limit in which  → 0 and N → ∞ keeping fixed N2. From the gravity
solution, we know that ωb ∼ −1 for  → 0, as can be seen from (2.50). In this limit,
it turns out that z4 is proportional to ωb,
11 so we may solve (3.34) near z4 → ∞ and
keep only finite terms in the limit. Note that for consistency, we should check that the
resulting values of the chemical potentials indeed provide a dominant saddle for the
integral (3.28).
In the limit z4 → ∞, two of the three solutions to (3.34) blow up, whereas the
finite solution reads:
z =
a
1− a +
a
(1− a)2
1
z4
+O(z−24 ). (3.35)
Feeding this back into (3.33), we also find the solution for z3:
z3 = −z4 + 1 + a
1− a +O(z
−1
4 ). (3.36)
11To see this, we note that to the order in epsilon we are considering, z3 = −z4 + O(z04) (as in
(3.36)). This implies that in the denominator of ωb in terms of the zI (3.31), the diverging pieces in
z3 and z4 cancel. Therefore, ωb →∞ implies z4 →∞.
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Using (3.31) and taking z4 =
i
√
a(1+a)√
λ(1−a) , one can verify that these values give the expected
chemical potentials for (∆, ωa, ωb) in the near-EVH limit, as featured in (2.48) and
(2.50):
∆ =
ipia
1 + a
+O(z−14 ), ωa = −
pii(1− a)
1 + a
+O(z−14 ), ωb =
pi√
λ
√
a
1 + a
+O(z04).
(3.37)
We now plug the solutions into the integrand and take b = λ2 to obtain:
d =
∫
dωb exp
[
N2
2
pi2a2
1− a2
1
ωb
+
N22
2
λa
1− aωb +O()
]
. (3.38)
Let us first note that it may seem as if the second term is O(), and we should drop
it. However, since we expect the saddle to have ωb ∼ −1, this term is finite in the
near-EVH limit and in fact of the same order as the first term. To justify a saddle
point analysis of this integral, large-N is not enough. This leaves us with two choices:
either we fix N2 to be a large number, which is allowed in the near-EVH limit, or we
take the fast-spinning limit a → 1. Whichever we choose, we can then solve for the
saddle point to find:
ω̂b =
pi√
λ
√
a
1 + a
, (3.39)
which confirms that the saddle lies at the near-EVH value of ωb and in particular shows
that the integral for either N2 large or a → 1 is dominated by a saddle at large ωb.
Evaluating the integrand at the saddle then finally gives us the entropy:
S =
pia
1− a
√
λa
1 + a
N2. (3.40)
This reproduces exactly the near-EVH entropy computed from gravity (2.37). Finally,
one can check that (3.40) reproduces, at this order, the near-EVH limit of the 1/16th
BPS black hole entropy in (3.12), with -expansion of charges
Q1 = Q2 =
a
2(1− a)N
2 +
(1 + a)
2(1− a)λN
22 +O(4) , Q3 = − a
2
2(1− a2)λN
22 +O(4) ,
Ja = − a
2
2(1− a)2N
2 +
a(1 + 3a+ a2)
2(1− a)2(1 + a) λN
22 +O(4) , Jb = a(1 + 2a)
2(1− a2) λN
22 +O(4) .
(3.41)
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Connection to Cardy formula: As discussed in [37], the near-EVH entropy can
be understood as the entropy of a BTZ black hole that arises in the near-horizon limit
of the near-EVH black hole. This automatically means the entropy can be written as
a Cardy formula [51] for the putative two-dimensional CFT dual. The central charge
and the conformal dimension for the (BPS) case at hand read [37]:
c = 3
√
2
a2
1− a2N
2, L0 − c
24
=
1
2
√
2
a
1− aλN
2. (3.42)
Before making the connection between the derivation of the Cardy formula and our
computation of (3.38), let us briefly review the derivation of the Cardy formula in
two-dimensional CFTs. Using the fact that the partition function obeys the property
Z(β) = Z(4pi
2
β
) and its low temperature expansion reads Z ≈ eβc24 , one has for the high
temperature expansion:
Z(β) ≈ exp
(
pi2c
6β
)
, β  1. (3.43)
The degeneracy at high temperature can then be estimated through a saddle point
approximation of the inverse Laplace transform:
d ≈
∫
dβ exp
[
pi2c
6β
+ β
(
L0 − c
24
)]
. (3.44)
The saddle lies at:
β̂ = pi
√
c
6
(
L0 − c24
) = √2pi√
λ
√
a
1 + a
, (3.45)
where in the last step we have inserted (3.42). The saddle point evaluation of (3.44)
then yields the entropy at high temperature S = log d, and in our case reproduces
(3.40).
The naive regime of validity is as usual L0  c, which in this case would correspond
to λ  1, such that the saddle indeed lies at high temperature. However, it has
been established that for “holographic CFTs” with c  1, the Cardy formula applies
already for L0 ∼ c (see e.g., [13], also for a more precise formulation of what defines a
holographic CFT). This regime can be reached by taking either a→ 1 or N2 large, as
can be seen from (3.42).12 In particular, this implies that the Cardy formula applies
12 These limits were already encountered when we had to justify the saddle point approximation
of the ωb integral around (3.39). We will see below that this justification precisely brings us into the
extended regime of validity of the Cardy formula for holographic CFTs.
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for states with temperature β̂ = O(1) and that the high-temperature expansion (3.43)
extends to β = O(1) up to O(c0) corrections [13].13
We are now ready to compare our derivation of the near-EVH entropy from the
index with the usual Cardy formula. For this, let us compare the integrands of (3.38)
and (3.44) and their respective saddles (3.39) and (3.45). We note that if we make the
following redefinition:
ωb =
ω˜b√
2
, (3.46)
the integrand in (3.38) is precisely of the form of (3.44) for the near-EVH values of
the central charge and conformal dimension quoted in (3.42). The conclusion we draw
from this is that a careful saddle point analysis of the four-dimensional superconformal
index for near-EVH black hole charges becomes equivalent to the derivation of a two-
dimensional Cardy formula for a two-dimensional holographic CFT.14
Let us say more about the meaning of the redefinition (3.46), especially the factor
. To understand it, we first assume that the two terms in the integrand in (3.38) can
be understood as the central charge and conformal dimension of some two-dimensional
CFT, i.e.:
c˜ = 3
a2
1− a2N
2, L˜0 − c˜
24
=
1
2
a
1− aλN
22. (3.47)
In the near-EVH limit, L˜0 − c˜24 = 0 meaning that we would be looking at a massless
BTZ black hole. However, from the near-horizon geometry, as studied in Section 2.2,
we know that in addition there is still a conical defect of order 1

, see (2.27) and (2.38).
Following [39], this results in a new Virasoro symmetry of the boundary theory with a
rescaled central charge and fractionalized spectrum:15
c =  c˜, L0 − c
24
=
1

(
L˜0 − c˜
24
)
. (3.48)
Note that the Cardy formula is invariant under such a transformation; this should
be understood as the statement that states appearing in the fractionalized spectrum
provide the dominant contribution to the entropy. In particular, this gives us the
required factors of  to compare with (the derivation of) the Cardy formula for the
near-EVH CFT.
13 Already in the famous Strominger–Vafa computation [52], the Cardy formula correctly reproduced
the entropy when temperatures are strictly speaking O(1). Indeed, the Cardy formula is broadly
applicable when there is a supergravity description of the system. See also [53–55].
14See [56] for similar observations in the context of the Schur index.
15If the CFT allows a symmetric product description, the conical defect translates into a twist
operator in the CFT which projects onto a twisted sector of order 1 .
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Hence, apart from the factor
√
2,16 the redefinition (3.46) may be understood as
resulting from a “long string phenomenon” (3.48) in the IR two-dimensional CFT. It
would be very interesting to find a four-dimensional interpretation of the transformation
(3.48). We will further comment on this in the next section and the discussion.
We will conclude with some further comments on the appearance of a fraction-
alized spectrum encountered above. Such fractionalization is well-known to occur for
symmetric product CFTs via the so-called long string phenomenon. Assuming that the
EVH CFT is continuously connected to some symmetric product description, we would
like to understand the appearance of the factor N2 in the central charge (3.47) of the
symmetric product CFT. Since the conical defect is of order N2 as well, it is implied
that the symmetric product would have to be of order N2 at least. Some of the more
well-known situations in which symmetric product CFTs arise from gauge theories is
in the low energy limit of N D1 branes (matrix string theory) [59] or in the D1-D5
system [52]. Naively, since we have started from just N D3 branes, our setup seems
more in the spirit of matrix string theory. However, the resulting symmetric product in
that case would only be of order N , which is related to the fact that the Weyl group of
the SU(N) gauge symmetry is SN . On the other hand, the D1-D5 system has central
charge c ∼ Q1Q5. Thus taking Q1Q5 ∼ N2, it would be possible to generate a central
charge of O(N2). However, at the moment it is not clear to us if and how an analogy
with the D1-D5 system in our present setup would work.17
Another, heuristic explanation for the origin of the factor N2 in the central charge
is that it arises from the fact that we consider the SYM theory at its maximally de-
confining saddle. This means that all degrees of the freedom of the SU(N) matrix
become free, which should somehow translate into the fact that there are N2 indepen-
dent copies of the two-dimensional CFT. The symmetric product should then reflect
the indistinguishability of these degrees of freedom.
3.2 4d operators for 2d EVH CFT
In this section, we would like to make some comments on the question of which operators
in the four-dimensional theory contribute to the entropy of the near-EVH black hole.
16From the gravitational point of view, this factor arises due to the specific relation between the
AdS5 and AdS3 time coordinates (see e.g., (4.17) and (5.15) in [37]). It is not clear to us presently
how this factor could arise from the CFT4 superconformal index. Perhaps like the famous factor of
3
4
in the thermal free energy of N = 4 super-Yang–Mills [57, 58], it arises due to strong coupling effects
to which our weak coupling analysis is blind.
17Perhaps ideas along the lines of [32] could be relevant here as well.
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Name in [61] SO(4)[Ja, Jb] Name in [48] Q Q3 E0 E
Z [0, 0] Z 1
2
0 1 1
X [0, 0] X 1
2
0 1 1
W [0, 0] Y 0 1 1 1
F¯+ [1, 1] F++ 0 0 2 2
χ1 [
1
2
,−1
2
] ψ0,+,+++
1
2
1
2
3
2
3
2
χ2 [−12 , 12 ] ψ0,−,+++ 12 12 32 32
χ¯3 [
1
2
, 1
2
] ψ+,0,−++ 0 12
3
2
3
2
χ¯5 [
1
2
, 1
2
] ψ+,0,+−+ 0 12
3
2
3
2
χ¯7 [
1
2
, 1
2
] ψ+,0,++− 12 −12 32 32
d1 [1, 0] ∂++ 0 0 1 1
d2 [0, 1] ∂+− 0 0 1 1
Table 1. The single letter operators making up 1/16th BPS operators in [48] correspond to
the single letter operators comprising the SU(1, 2|3) subsector as defined in [61, 62]. They
satisfy the E = E0 BPS condition, where E0 is the BPS value E0 = Ja + Jb + 2Q + Q3,
Ja = J1 + J2, Jb = J1 − J2 and 2Q = Q1 + Q2. Note that we are working with the SYM
theory on S1 × S3, dual to AdS5 in global coordinates. In radial quantization, the states on
S3 are in one-to-one correspondence with the operators on R4 made up from the letters in
the table.
We begin by reviewing the result of [40], who propose an answer to the same question in
the strict EVH limit, and then comment on some important differences in the near-EVH
case.
Let us first briefly summarize the basic operator content in the N = 4 SYM theory.
It contains six scalars (X, Y, Z and conjugates), four (complex) Weyl fermions and two
independent components of the gauge field. The classification of the superconformal
multiplets is denoted as [k, q, p](j1,j2), as first explored in a beautiful paper [60]. We list
all single letter operators subject to the BPS condition E = Ja + Jb +Q1 +Q2 +Q3 in
Table 1, following the notation of [61]. These operators may be combined to compose
a generic 1/16th BPS operator. The 1/16th BPS sector is also called the SU(1, 2|3)
subsector in [61].
Certain operators preserve more supersymmetry. In the strict EVH limit, as dis-
cussed in Section 3.1, the black hole is 1/8th BPS. These states are part of the reduced
subsector known as the SU(1, 1|2) subsector, composed by the single letter opera-
tors (χ1, χ¯7, ∂++, Z,X), which satisfy the additional charge constraint Jb + Q3 = 0.
Since EVH black holes have Q3 = Jb = 0, they in fact comprise only a subsector
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of the SU(1, 1|2) sector. In [40], it is proposed that the EVH black hole is dual to
the fermionic subsector of SU(1, 1|2), the so-called SU(1, 1) subsector, which contains
fermions χ1, χ¯7 and the derivative ∂++. Partial evidence for this relies on the fact that
one can construct states using χ1, χ¯7, ∂++ which satisfy the (BPS) EVH condition:
N2
2
Ja = Q
2
1. (3.49)
This state can be written schematically as [40]:
Sym
 N2∏
a,b=1
K
2
−1∏
j=0
ψaj
K−1∏
m=K
2
ψ¯bm
 , (3.50)
where ψk ≡ ∂k++χ1 and ψ¯k ≡ ∂k++χ¯7. Furthermore, the symmetrization is with respect
to ψ and ψ¯. Using the data in Table 1, one may verify that the charges of this operator
are given by:
Q1 = Q2 =
N2K
2
, (3.51)
Q3 = 0, (3.52)
Ja + Jb
2
= j1 = N
2
K2 −1∑
j=0
j + 1
2
+
K−1∑
m=K
2
m
2
 = N2K2
4
, (3.53)
Ja − Jb
2
= j2 = N
2
K2 −1∑
j=0
j
2
+
K−1∑
m=K
2
m+ 1
2
 = N2K2
4
. (3.54)
These charges satisfy the condition (3.49) and Jb = Q3 = 0, as required for the BPS
EVH black hole. Comparing with (2.32), we identify:
K =
a
1− a. (3.55)
In [40], the authors propose an explicit description of the EVH CFT2 in the large K
or fast rotating (a → 1) limit. In the free limit of the N = 4 SYM theory, the two-
dimensional CFT is described by free chiral adjoint fermions, or more precisely the
(chiral) WZW models:
SU(N)N ⊕ SU(N)N , (3.56)
up to a Gauss law constraint projecting onto gauge invariant states. Including loop
corrections for finite Yang-Mills coupling, the primary effect is that the CFT becomes
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a gauged WZW model. This provides a specific realization of the fact that the ther-
modynamics of the near-horizon BTZ black hole can be derived as the IR limit of the
thermodynamics of the AdS5 black hole [37].
For (BPS) near-EVH black holes instead, we have in general Jb+Q3 6= 0, so that we
should now take into account in principle the full SU(1, 2|3) subsector. More precisely,
a near-EVH black hole has the charges:
Jb =
1
2
(
a
1− a +
a2
1− a2
)
λN22, Q3 = −1
2
a2
1− a2λN
22. (3.57)
Since we keep fixed N2, apparently Jb = Q3 = 0 in the limit. However, as we have
seen in the previous section, the spectrum of the two-dimensional CFT fractionalizes,
as expressed by the long string transformation (3.48). Since L0 ∼ Jb + Q3, we denote
with J˜b+Q˜3 the charges measured with respect to the the fractionalized spectrum, i.e.:
J˜b + Q˜3 =
1
2
a
1− aλN
2. (3.58)
This is finite in the near-EVH limit. However, presently it is not clear to us how such
a fractionalization of the spectrum could be described from the perspective of the four-
dimensional CFT. Note that since these charges do not scale with N2, as opposed to
Q and Ja, it is suggested that we should effectively attach single-trace operators with
non-vanishing values for Jb, Q3 to the EVH operator (3.50) to find the description of
states responsible for the near-EVH entropy. We leave further exploration of these
speculations to future work.
4 Probing EVH-BPS limit in general AdSd+1
In this section, we explore the EVH-BPS limit of black holes in AdSd+1 (d > 2). It
is already known from [34] that certain AdS4 black holes have an EVH limit, whose
field theory dual is proposed to be generalized BMN limit of CFT3. As in the case
of the AdS5 black hole, an AdS3 geometry emerges in the near-horizon limit. Other
known AdS black hole solutions include AdS6 black holes [44, 63–65] and AdS7 black
holes [44, 66]. An interesting question is whether the success of probing the EVH-BPS
limit of AdS5 black hole from the field theory point of view can be extended to general
dimensional AdS black holes. Two situations will appear as we focus on the EVH-BPS
limit:
• The black hole reduces to a naked singularity.
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• An EVH limit of the black hole appears with entropy-temperature scaling S ∼ T k
(1 < k < d− 1).
The scaling relation indicates the emergence of a possible AdSk+2/CFTk+1 correspon-
dence in the far IR of the UV AdSd+1/CFTd. We find that only for the supersymmetric
AdS5 black holes, one can probe the EVH-BPS limit by using AdS3/CFT2. We should
note that these problems may originate from the fact that for other dimensions than
5, the most general AdS black hole solutions are not (yet) known.
4.1 Revisiting AdS5
We have already shown in Section 2.1 that the AdS5 black holes have a well-defined
EVH-BPS limit. However, we will now propose a simpler method of probing this limit
without referring to the (complicated) metric. The EVH black hole with a pinching
AdS3 in its near-horizon is characterized by the scaling relation S ∼ T . However, the
situation is a bit more subtle for BPS black holes, which have vanishing temperature.
The correct way to understand the EVH-BPS black hole in general dimensions is to note
that S/T k is finite for some k as T → 0. Therefore, it is essential to understand how
temperature and entropy scale as one take near-horizon and BPS limits. This requires
knowledge of both the non-extremal black hole solutions and their thermodynamics.
Let us focus on the entropy and temperature in (2.13). Approaching the near-
horizon region defines  by r = ρ. For the black hole to have a vanishing entropy, we
may take the ansatz
a ∼ α, b ∼ β, r+ ∼ . (4.1)
Without loss of generality, we may assume α ≤ β. We are interested in the EVH limit
with supersymmetry. Then α and β are constrained by consistency with the BPS limit
(2.15) and (2.17). The horizon size r20 ∼ ab requires α + β = 2. Our assumption a ≥ b
then implies α ≤ 1 ≤ β. In addition, the BPS value of q (2.19) shows that q ∼ α.
Combining these together, we can see in the limit → 0 that:
S ∼ a
2r2+ + qr
2
+
r+
∼ qr+ ∼ α+1, (4.2)
T ∼ r
4
+(1 + a
2)− a2b2
qr3+
∼ 1−α. (4.3)
The emergence of a near-horizon CFT2 would require S ∼ T , which fixes α = 0. This
is consistent with the solution we studied in Section 2.
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4.2 AdS4
Certain types of static AdS4 black hole with U(1)
4 gauge fields can have a well-defined
EVH limit [34]. We revisit this problem in the case of a supersymmetric black hole.
We focus on rotating AdS4 black holes [44]. So far, the most general known rotating
AdS4 black holes have equal pairs of R-charges Q1 = Q3, Q2 = Q4. Let us collect some
relevant formulas from [64]. The energy, charges and angular momentum of the black
hole are determined by four free parameters (δi, a,m), i = 1, 2, as follows:
E =
m
2Ξ2G
(cosh 2δ1 + cosh 2δ2), J =
ma
2Ξ2G
(cosh 2δ1 + cosh 2δ2),
Q1 = Q3 =
m
4GΞ
sinh 2δ1, Q2 = Q4 =
m
4GΞ
sinh 2δ2.
(4.4)
The BPS condition requires:
e2δ1+2δ2 = 1 +
2
a
. (4.5)
Similar to the AdS5 case, further constraints are required to prevent the naked singu-
larity. These read:
m2 =
cosh2(δ1 + δ2)
eδ1+δ2 sinh3(δ1 + δ2) sinh(2δ1) sinh(2δ2)
. (4.6)
The entropy in the BPS limit satisfies:
2(Q1 +Q2)S =
pi
G
J,
S2 +
pi
G
S − 16pi2Q1Q2 = 0.
(4.7)
The EVH condition forces J = Q1Q2 = 0. Without loss of generality, we can assume
Q2 = δ2 = 0. J = 0 implies a = 0. We then find there is no solution to the singularity
free condition (4.6). This means that all the BPS solutions in the EVH limit become
solutions with naked singularities, as opposed to the non-BPS solutions of [34].
This does not mean there is no hope of studying EVH limit of BPS AdS4 black
holes. In the above EVH limit, we notice that δ2 = 0 forces two of four U(1) charges
to vanish. However, we should expect at least three non-vanishing charges to support
a near-horizon AdS3 geometry [34]. Consequently, we expect that studying the EVH
limit requires the knowledge of general rotating AdS4 black hole solutions with unequal
U(1)4 charges.
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4.3 AdS6
Another interesting example is the AdS6 black hole solution [63]. A CFT5 account of
the entropy has been studied in [64]. The field theory dual of AdS6 black hole should
be an N = 1 five-dimensional SCFT. The black hole solution has energy, two angular
momenta, and one R-charge:
E =
2pim
3GΞaΞb
[
1
Ξa
+
1
Ξb
+
q
2m
(
1 +
Ξb
Ξa
+
Ξa
Ξb
)]
, Q =
pi
√
q2 + 2mq
GΞaΞb
,
Ja =
2pima
3GΞ2aΞb
(
1 +
Ξbq
2m
)
, Jb =
2pimb
3GΞaΞ2b
(
1 +
Ξaq
2m
)
,
S =
2pi2[(r2+ + a
2)(r2+ + b
2) + qr+]
3GΞaΞb
,
T =
2r2+(1 + r
2
+)(2r
2
+ + a
2 + b2)− (1− r2+)(r2+ + a2)(r2+ + b2) + 4qr3+ − q2
4pir+[(r2+ + a
2)(r2+ + b
2) + qr+]
.
(4.8)
The BPS condition is very similar to what we have discussed for AdS5 black hole:
q =
2m
(2 + a+ b)(a+ b)
. (4.9)
The parameter m is related to horizon size r+ via:
2m =
(r2+ + a
2)(r2+ + b
2)
r+
+
1
r+
[r+(r
2
+ + a
2) + q][r+(r
2
+ + b
2) + q]. (4.10)
We can solve for q in terms of r+ as follows:
q = (a+ b+ ab)r+ − r3+ − i(1 + a+ b)(r2+ − r20), (4.11)
where r0 is the same as in (2.17). Thus the singularity free condition is given by r+ = r0,
similar to the AdS5 case. The result is:
q =
(1 + a)(1 + b)(a+ b)r+
1 + a+ b
. (4.12)
Let us again make the ansatz (4.1) for a, b in the EVH limit. It remains true that
α+ β = 2, since we still have r20 ∼ ab. We then find (r2+ + a2)(r2+ + b2) ∼ a2r2+ ∼ 2α+2
and qr+ ∼ 2+α. As a result, S ∼ 2+α. The scaling of temperature is more complicated.
Each separate term in the temperature scales as:
2r2+(1 + r
2
+)(2r
2
+ + a
2 + b2) ∼ 2α+2,
(1− r2+)(r2+ + a2)(r2+ + b2) ∼ 2α+2,
4qr3+ ∼ 4+α,
q2 ∼ 2α+2,
r+[(r
2
+ + a
2)(r2+ + b
2) + qr+] ∼ 3+α.
(4.13)
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Naively, the leading term in the  → 0 limit implies that T ∼ 2α+2−(3+α) = α−1, but
this cannot be correct since an extremal black hole should have a vanishing temperature
(recall that α < 1).
This can be resolved by noting that in the BPS limit, there is a cancellation between
the three terms of order 2α+2. To see this we should first notice that q ∼ ar+. One may
verify that all the r2+a
2 terms in the numerator of T will cancel. The subleading term
in the numerator of T comes from r4+ terms, resulting in T ∼ 4−(3+α) = 1−α. Setting
α = 0, as we did in AdS5 case, will result in a potential EVH black hole S ∼ T 2. Since
α ≤ 1, S ∼ T cannot arise for any allowed α.
In summary, the T ∼  limit (α = 0) can be achieved by
q = (a+ λb)r+, r+ ∼
√
b ∼ , (4.14)
for some general values of λ. The EVH-BPS limit of the AdS6 black hole should be
understood as the extremal vanishing horizon limit while keeping S/T 2 fixed, which
gives rise to an AdS4 factor in the near-horizon limit of the EVH-BPS AdS6 black hole.
4.4 AdS7
AdS7 black holes have three angular momenta J1,2,3 and two different R-charges Q1, Q2.
There are two types of AdS7 black hole solutions known so far. The first type is the
solution with equal angular momenta [44]. The BPS and EVH condition result in naked
singularities, similar to the AdS4 case. Thus we do not attempt to study the EVH-BPS
limit here. The other type is the solution with equal charges but different angular
momenta [66]. This case is rather similar to AdS6 discussed above. Let us collect some
relevant formulas from [66]. The energy, entropy and temperature are given by:
E =
pi2
8Ξ1Ξ2Ξ3
[∑
i
2m
Ξi
−m+ 5q
2
+
q
2
∑
i
(∑
j 6=i
2Ξj
Ξi
− Ξi − 2(1 + 2a1a2a3)
Ξi
)]
,
S =
pi3
4Ξ1Ξ2Ξ3r+
[(r2+ + a
2
1)(r
2
+ + a
2
2)(r
2
+ + a
2
3) + q(r
2
+ − a1a2a3)],
T =
(1 + r2+)r
2
+
∑
i
∏
j 6=i(r
2
+ + a
2
j)−
∏
i(r
2
+ + a
2
i ) + 2q(r
4
+ + a1a2a3)− q2
2pir+[(r2+ + a
2
1)(r
2
+ + a
2
2)(r
2
+ + a
2
3) + q(r
2
+ − a1a2a3)]
.
(4.15)
Just as in the AdS5,6 cases, the supersymmetric solution is only singularity free if the
horizon size reads:
r2+ = r
2
0 =
a1a2 + a2a3 + a3a1 − a1a2a3
1− a1 − a2 − a3 . (4.16)
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The corresponding value for q is given by:
q = −(1− a1)(1− a2)(1− a3)(a1 + a2)(a2 + a3)(a3 + a1)
(1− a1 − a2 − a3)2 . (4.17)
We now make the ansatz: ai ∼ ni and n1 ≤ n2 ≤ n3. The dominant term of r20 in the
→ 0 limit is r20 ∼ a1a2 ∼ n1+n2 . So we can derive:
n1 + n2 = 2, n1 ≤ 1 ≤ n2 ≤ n3. (4.18)
This implies q should scale as q ∼ a21a2 ∼ 2+n1 . One finds that the entropy in the limit
is dominated by:
S ∼ 1
r+
(a21r
4
+ + qr
2
+) ∼ qr+ ∼ 3+n1 . (4.19)
Similar to the AdS6 case, each term in the numerator of the temperature can be shown
to scale as:
(1 + r2+)r
2
+
∑
i
∏
j 6=i
(r2+ + a
2
j) ∼ a21r4+ ∼ 2n1+4,∏
i
(r2+ + a
2
i ) ∼ q2 ∼ 2n1+4,
2q(r4+ + a1a2a3) ∼ n1+6 or 4+n1+n3 .
(4.20)
The dependence on  of the last term depends on whether n3 ≥ 2 or n3 < 2. Again,
there is a cancellation between the order 2n1+4 terms. The subleading terms in the
numerator come from r6+, which results in T ∼ 1−n1 . Setting n1 = 0 would result in
S ∼ T 3. Therefore, a straightforward generalization of EVH-BPS limit in AdS7 black
hole cannot give rise to AdS3 black hole in the near-horizon. However, the result shows
that there may well be an AdS5 geometry in the near-horizon limit of the EVH-BPS
AdS7 black hole.
We should note that our result does not imply that AdS7 black hole cannot have
an EVH limit with AdS3 appearing in the near-horizon limit. Indeed, to fully establish
the (non-)existence of an AdS3 factor for the EVH black hole, one needs to know the
general AdS7 solutions with unequal charges.
5 Discussion
In this paper, we have employed the recent results for a microscopic enumeration of the
entropy of 1/16th BPS black holes in AdS5 from the N = 4 SU(N) super Yang-Mills
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theory [19] to study the (near-)EVH/CFT2 correspondence [37]. Our main result is
that the entropy calculation for large AdS5 black holes can be extended to (near-)EVH
black holes in the fast rotating limit a→ 1 or for N2 large. Moreover, the computation
of the Legendre transform of the superconformal index, yielding the black hole entropy,
becomes equivalent to the derivation of the Cardy formula in two-dimensional CFT with
a central charge and conformal dimension that precisely match the values expected from
general considerations of the EVH/CFT2 proposal. In addition, we have introduced a
method to determine the existence of possible BPS EVH black holes in AdS4,6,7 and
their respective near-horizon geometries. We found indications that in the cases of
AdS6,7, the near-horizon geometries contain AdS4,5 factors.
There are many directions for further exploration. First of all, we would like to
better understand the underlying mechanism for the appearance of infinite dimensional
symmetry algebras, associated with the two-dimensional CFT, from a four-dimensional
CFT in the near-EVH limit. In particular, the EVH/CFT correspondence implies that
a subset of the free operators in four-dimensional N = 4 SYM can organize themselves
into representations of the Virasoro algebra. Our derivation of the two-dimensional
Cardy formula from the superconformal index sheds some light on this question. In
particular, since the Virasoro zero mode is proportional to Jb + Q3, the operators
that account for the near-EVH entropy should lie in the full SU(1, 2|3) subsector, as
opposed to operators of SU(1, 1|2) subsector which comprise the strict EVH black
holes. Perhaps there exists a connection to [42], which derives a chiral algebra from
four-dimensional operators through a cohomological construction, and produces the
full Virasoro algebra in the BPS near-EVH case we have been studying. However,
this cannot be the complete story because the full SU(1, 2|3) subsector is much larger
than the Schur SU(1, 1|2) sector, which is apparently the only subsector for which
the construction of [42] holds. Moreover, the non-unitarity of their chiral algebras is
difficult to reconcile with the expected unitarity of the EVH CFT.
In addition, an important element in our derivation of the entropy is the fraction-
ation of the spectrum of the two-dimensional CFT, as implied by the presence of a
conical defect. In two dimensions, such fractionation can be usefully understood in
terms of a long string phenomenon [67, 68]. In the four-dimensional CFT, however, a
mechanism behind the fractionation is less clear. It would be very interesting to find an
interpretation of the fractionation in four dimensions, which we expect to be possible
to achieve at least in the BPS case we have been exploring.
In our investigation of the AdS2 or AdS3 corresponding to EVH black holes, coor-
dinates for the lower dimensional AdS space are realized within the asymptotic AdS5.
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In a generic setting, in flowing from AdS5× S5 asymptopia to the AdSd×X geometry
in the near-horizon region, the coordinates from the AdS and sphere mix as we move
away from the boundary toward the interior. (This happens, for example, in [32].) In
other words, generators of the Virasoro algebra in the IR arise as non-trivial combina-
tions of generators of the SO(2, 4) conformal symmetry and generators of the SU(4)
R-symmetry of the N = 4 super-Yang–Mills theory. Extending the analysis to such
cases is work in progress.
In connecting the UV CFT associated to the asymptotic AdS geometry to the
IR CFT associated to the near-horizon geometry, we expect certain c-functions are
extremized along the RG flow. This can be made explicit in various contexts [69] using
the attractor mechanism in N = 2 supergravity [70–77]. Perhaps these c-functions can
help characterize the relation between the Virasoro generators in the IR and the gauge
theory operators in the UV. Indeed, as holographic RG integrates out gravitational
degrees of freedom, the c-function is a monotonically decreasing function. However, the
entropy of the black hole remains the same from either the UV or the IR perspective;
the two are different descriptions of the same system. Our understanding of entropy
is ultimately so far couched in terms of gravitational thermodynamics. A precise map
between microstates in the UV and the IR is necessary to advance the discussion to
the statistical physics of gravitational systems.
Finally, the scaling relations S ∼ T 2 and S ∼ T 3 in AdS6,7 black hole solutions
indicate the appearance of d > 2 dimensional CFTs in their respective EVH limits. To
understand the physical consequences, we recall what happens if an AdS3 appears in
the EVH limit, where S ∼ T . The emergent IR geometry (known as the pinching AdS3)
is a locally AdS3 geometry with a pinching angular direction. In the field theory, such
pinching translates into an infinitely gapped system unless the central charge is scaled to
infinity [39] such that non-trivial dynamics may remain. For symmetric product CFTs,
these dynamics can be traced to the very low energy modes which arise in this limit
due to the long string phenomenon, or more generally momentum fractionation [39].
It is less clear how to think of pinching AdS4,5 geometries which arise in (near-)EVH
limits of AdS6,7 black holes respectively, and whether their dual IR CFT3,4 spectra in
an appropriate c → ∞ limit exhibit a similar fractionation. We hope to answer these
questions in future work.
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A EVH limit of general supersymmetric black holes
When the supersymmetry condition is satisfied, there exists a more general class of
black hole solutions of the action (2.1) with four independent parameters. The BPS
solution (2.8) should be viewed as a two-parameter solution with free parameters (a, b).
The more general solution is given by:
ds25 = −f 2(dt+ ωφ˜dφ˜+ ωψ˜dψ˜)2 + f−1hmndxmdxn, (A.1)
where hmn is the metric on the base space. Supersymmetry requires the base space to
be Ka¨hler. The claim in [31] is that the hmn for solutions in [29] at BPS point is given
by:
hmndx
mdxn = (r2 − r20)
[
dr2
X
+
dθ2
∆θ
+
cos2 θ
Ξ2b
[Ξb + cos
2 θ(ρ2 + 2(1 + b)(a+ b))]dψ˜2
+
sin2 θ
Ξ2a
[Ξa + sin
2 θ(ρ2 + 2(1 + a)(a+ b))]dφ˜2
+
2 sin2 θ cos2 θ
ΞaΞb
[ρ2 + 2(a+ b) + (a+ b)2]dψ˜dφ˜
]
.
(A.2)
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Note that X(r) in the denominator of the dr2 component is exactly as in (2.18). There-
fore, we can compare the metric (2.8) to ansatz above. One subtlety is that the metric
(A.1) is in the frame corotating with the horizon. It is related to the metric (2.8) by the
coordinate transformation (2.20). Another subtlety is that the r20 dependence of X(r)
is redundant, and it can be conveniently set to zero [31]. The trick is to realize that one
may redefine the parameters a, b. Let us denote (a, b, r0) as the set of parameters which
after redefinition turn into (a¯, b¯, 0). It has been shown in [31] that such redefinitions
are subject to keeping A2, B2 fixed, with A < B defined as:
A2 =
Ξa
α2
, B2 =
Ξb
α2
, α2 = r20 + (1 + a+ b)
2. (A.3)
For U(1)3 black hole, in new parameters (a¯, b¯, 0), we have
HI =
ρ2 + 3eI
r2
= 1 +
√
Ξa¯Ξb¯(1 + µI)− Ξa¯ cos2 θ − Ξb¯ sin2 θ
r2
, f = (H1H2H3)
− 1
3 ,
ωφ = −sin
2 θ
r2Ξa¯
[
ρ4 + (2r2m + a¯
2)ρ2 +
1
2
(β2 − a¯2b¯2 − (a¯2 − b¯2))
]
,
ωψ = −cos
2 θ
r2Ξb¯
[
ρ4 + (2r2m + b¯
2)ρ2 +
1
2
(β2 − a¯2b¯2 + (a¯2 − b¯2))
]
,
r2m = a¯+ b¯+ a¯b¯, X
I =
(H1H2H3)
1
3
HI
, X(r) = r2(r2 + (1 + a¯+ b¯)2).
(A.4)
Through a simple calculation, we can show that the BPS limit of solution (2.8) can
be set in the form of (A.1) by an appropriate choice of the φ and ψ coordinates. The
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conserved charges of the 1
16
-BPS black hole are:18
Q1 =
N2
2
[
µ1 +
1
2
(µ1µ2 + µ1µ3 − µ2µ3)
]
,
Q2 =
N2
2
[
µ2 +
1
2
(µ3µ2 + µ1µ2 − µ1µ3)
]
,
Q3 =
N2
2
[
µ3 +
1
2
(µ3µ2 + µ1µ3 − µ1µ2)
]
,
J ≡ (1 + µ1)(1 + µ2)(1 + µ3),
Jφ =
N2
2
[
1
2
(µ1µ2 + µ1µ3 + µ2µ3) + µ1µ2µ3 + J
(√
Ξb¯
Ξa¯
− 1
)]
,
Jψ =
N2
2
[
1
2
(µ1µ2 + µ1µ3 + µ2µ3) + µ1µ2µ3 + J
(√
Ξa¯
Ξb¯
− 1
)]
,
(A.5)
under the constraint
µ1 + µ2 + µ3 =
1√
Ξa¯Ξb¯
[
2r2m + 3(1−
√
Ξa¯Ξb¯)
]
. (A.6)
Therefore, this black hole has five parameters (µI , a¯, b¯) with one constraint (A.6). The
black hole entropy is found to be [16, 19, 31]:
S = 2pi
√
Q1Q2 +Q2Q3 +Q3Q1 − N
2
2
(Jφ + Jψ) . (A.7)
The general charge formula can be related to the BPS limit of the equal charge black
hole solution (2.13) by identifying µ1 = µ2 = µ, µ3 = σ and:
19
µ = −1 + (1 + a)(1 + b)√
ΞaΞb
, σ = −1 + (1 + a)(1 + b)√
ΞaΞb(1 + a+ b)
. (A.8)
These parameters satisfy:
2µ+ σ =
1√
ΞaΞb
[
2r2m + r
2
0 + 3(1−
√
ΞaΞb)
]
. (A.9)
This is consistent with (A.6) after reparametrisation.
The EVH limit of the equal charge black hole (2.8) is approached by setting Q3 =
Jψ = 0, which as shown by [19] implies the black hole has zero entropy. Then for a
18The Jφ, Jψ will reduce to Ja, Jb after (A.8) conditions are taken. Generically, a = 0 does not
indicate Jφ=0 and similar for Jb.
19Note we are using (a, b, r0) instead of (a¯, b¯, 0) for (2.13)!
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more general class of supersymmetric black holes satisfying (A.5), we can expect to
have an AdS3 as the near-horizon geometry after imposing condition Q3 = Jψ = 0.
This turns out to be true. By solving Q3 = Jψ = 0, we get:
u1 + u2 = −2 +
√
1− b¯2
1− a¯2 +
3 + 2b¯+ 2a¯+ 2a¯b¯√
(1− a¯2)(1− b¯2) ,
u1u2 =
(2 + 2b¯+ b¯2 + 2a¯+ 2a¯b¯)(a¯2 − 1 +
√
(1− a¯2)(1− b¯2))
(1− a¯2) 32 (1− b¯2) 12 ,
u3 = −1 +
√
1− b¯2
1− a¯2 .
(A.10)
To work out the near-horizon geometry, we need to rotate the metric (A.1) and (A.2)
to the coordinate system which is static at the horizon. Let us define ψˆ = ψ˜ − λt, and
look for the value of λ which makes the dψˆdt term vanish. The answer turns our to be
λ = 1. We verify that under the condition Q3 = Jψ = 0, the dψˆdφ˜ term automatically
vanishes. Then by this we successfully decouple AdS3 part from AdS5. Then at the
end, we are ready to set r = ρ and take  → 0. The final metric of AdS5 in the
near-horizon limit is
ds2 = hθ
(
− ρ
2
(1− b¯2)(a¯2 − b¯2)
2dt2 +
dρ2
ρ2(1 + a¯+ b¯)2
+
ρ2
(1− b¯2)(a¯2 − b¯2)
2dψˆ2
)
,
+ hθ
dθ2
∆θ
+ hθf(θ)dφ˜
2,
(A.11)
where
hθ =
1
2
[
(a¯2 − b¯2)2 cos2 θ(8 + 8a¯+ 8b¯+ 8a¯b¯+ 3a¯2 + b¯2
+4(a¯2 + 2a¯+ 2b¯+ 2a¯b¯+ 2b¯2) cos 2θ + (a¯2 − b¯2) cos 4θ)] 13
f(θ) =
8(1 + a¯+ b¯)2∆θ sin
2 θ
(1− a2)2
(
8 + 8a¯+ 8b¯+ 8a¯b¯+ 3a¯2 + b¯2
+4(a¯2 + 2a¯+ 2b¯+ 2a¯b¯+ 2b¯2) cos 2θ + (a¯2 − b¯2) cos 4θ)−1 .
(A.12)
This means that once Q3 = Jψ = 0 we may expect an AdS3 geometry in the near-
horizon limit even for the most general class of supersymmetric black holes [31].
We can expect that the BTZ like geometry can appear as near-EVH limit for the
general supersymmetric black hole if we excite the charges Q3 and Jψ. In fact, we can
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deform the charge constraint (A.10) to be:
u1 + u2 = −2 +
√
1− b¯2
1− a¯2 +
3 + 2b¯+ 2a¯+ 2a¯b¯√
(1− a¯2)(1− b¯2) + λ
2,
u1u2 =
(2 + 2b¯+ b¯2 + 2a¯+ 2a¯b¯)(a¯2 − 1 +
√
(1− a¯2)(1− b¯2))
(1− a¯2) 32 (1− b¯2) 12 ,
u3 = −1 +
√
1− b¯2
1− a¯2 − λ
2.
(A.13)
The new solution also keeps the constraint (A.6) unaffected, but makes the charges
Q3, Jψ ∼ N22. We have checked using Mathematica that the near-horizon geometry
is BTZ like.
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